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Abstract 

We construct a quantum gate entangler based on selective phase rota- 
tion transform. In particular, we established a relation between quantum 
integral transform and quantum gates entangler in terms of universal con- 
trolled gates for multi-qubit states. Our construction is also related to the 
geometrical structure of multipartite quantum systems. 



1 Introduction 

In quantum computing we are interested in manipulated multipartite quantum 
states by quantum gates. One very important types of such gates are called 
quantum gate entangler which creates entangle states from product states. Re- 
cently, topological quantum gate entangler for two-qubit state has been con- 
structed in pQ. These topological operators are called braiding operators that 
can entangle quantum states and are also unitary solution of Yang-Baxter equa- 
tion. Thus, topological unitary transformations are very suitable for application 
in the field of quantum computing. Recently, we have also have constructed such 
quantum gate entangler for multi-qubit states and general multipartite states 
[5J [3] . In this paper we will construct quantum gate entangler based on unitary 
selective phase rotation transform for multi-qubit states. In section [2] we will 
give a short introduction to the quantum integral transformation and selective 
phase rotation transform. In scction[2]we will recall a theorem on the construct 
quantum gate entangler for multi-qubit state and then use this theorem to con- 
struct a quantum gate entangler based on selective rotation transformation. We 
also in detail discuss the construction of such a entangler for three-qubit states. 



2 Selective phase rotation transform 

In this section we will define quantum fouricr transform and selective phase 
rotation transform 0]. Let m € N and S m = {0, 1, . . . , 2 m } be a set of integers. 
Then, for any function / : S m — > C, a discrete integral transform / : S m — > C 
with kernel K : S m x S m — > C is defined by 



f(y)= ]T K(x,y)f(x). (2.0.1) 

x=0 



In the matrix form the kernel K, the function /, and / are given by K = 
(^) <^< 2 ™-i, /= (/(0),/(l),...,/(2 m -l)) T , and / = Kf, respectively. 
Moreover, if the kernel K is unitary, then the inverse transform / — ► / of a 
discrete integral transform exists and is given by f(x) = Y^x=o 1 K^(x, y)f(y). 
For example, let U be a unitary matrix acting on the m-qubit space H.q 
and {\x) = \x m -i,x m -2, ■ ■ ■ ,xo)}x e{o,i}-> be a binary basis of TL, where x = 

x™-^™- 1 + .T rn _ 2 2™- 2 + • • • + x 2°. Then, I7|x> = E^=o ' U(x, y)\y), where 
U(x,y) = (x\Uy) is the (x, y)-componcnt of the matrix U. Moreover, the uni- 
tary matrix U implementing a discrete integral transform as follows 



u( J2 /(*)!*> = E My) 

\ x=0 / y=0 



(2.0.2) 



is called the quantum integral transform. 

Now, let K m (x, y) = e Vx 5 xy , for all x, y € 5 m and <p x € R. Then the discrete 
integral transform 



7(y) - £ K(x,y)f(x) = £ e^S^fix) = e^f(y) 



(2.0.3) 
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is called the selective phase rotation transform. Note that K m is a unitary 
transformation. For example, in matrix form K\ and K 2 are given by K\ = 
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where 



L = A Q (g)U + Ax 



Lx= A a ® I 2x2 + Ax <g> Ux = 
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and Ax 



Note also that Lq and Li gates could be implemented with a 



set of universal gates, e.g., Lq is a controlled- Uq gate where the control bit is 
negated and L\ is a controlled- U\ gate. 



3 Quantum gate entangler for multi-qubit states 

In this section we will review the construction of a unitary operator that entangle 
a multi-qubit state [5]. Then, we will construct quantum gate entangler for 
multi-qubit states based on selective phase rotation transform. We will also in 
detail discuss this operator for three-qubit states. For a multi-qubit state |\E') = 



J2x _! X =0 a x m -ix m -2—x \ x ) a geometrical unitary transformation 7?.2 m x 2" 
that create multipartite entangled state is defined by 7?.2 m x2 m = 7^2™ x2 m H 



^^ x2 m, where 



(3.0.7) 



7^2™x2™ = diag(a O o-o,0, . . . , 0, an... , 0, . . . ,0,au...i) 

is a diagonal matrix and 

7^2^x2-" = antidiag(0, an... , ■ ■ ■ , aio - o, aoi-i, ■ ■ ■ , "o-oi, 0) (3.0.8) 

is an anti-diagonal matrix. Then, we have the following theorem for a multi- 
qubit state. 



Theorem 3.0.1 If elements o/7?.2™x2>™ satisfy 



a m _ i a; TO _ 2 ■ • • a o " y to - 1 y m - 2 • ■ ■ y 



(3.0.9) 



x m -2---Xj+iyjXj-i---xo<~Ly rn -iy m -2---yj+iXjyj--L...y i 



then the state 72.2™x2 m (|V ; ) ® IV*) x ' ' ' ® IV*)); with \ip) = |0) + |1) is entangled. 
The proof of this theorem is based on the Segre variety 

(3.0.10) 



X m _2-"Xo u; J/m-lJ/»n-2---yo 



which is the image of the Segre embedding and is an intersection of families of 
quadric hypersurfaces in P c _1 that represents the completely decomposable 
tensor. Note that we need to imposed some constraints on the parameters 
<Xx m -ix m -2— x to ensure that our !Z 2 m x2 m is unitary. Note also that for a 
multi-qubit state 



T2T7i X 2"7 — 72.2™ x2 m 7 , 2 m x2 m 

= diag(a ...oo, ao - oi, ■ ■ ■ , ai-ii) 



(3.0.11) 



is a 2 m x 2 m phase gate and V 2 m x2 m is 2 m x 2 m swap gate. 

Now, we will construct a quantum gate entangler based on the kernel of 
selective phase transform kernel for a multi-qubit state. Let the unitary trans- 
formation K m (x,y) be defined as in section [2] Moreover, let 
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(3.0.12) 



Then, we also have the following theorem. 
Theorem 3.0.2 If elements ofK.2 m x2 m satisfy 

g 8 ¥ , x m _ 1 x m „ 2 ..-x e t Vv m ^ 1 y m _ 2 - -vo 

^ g !( ' : 'x„ l _ 1 x m _2--'Xj + iyjX : j_ 1 ■■x m _ 1 g' i Vi; nl _iB m _2 ■ ■aj + lXjBj-1 - - BO 

^ ^ t px m ~ix ryl -2---x + ( Py m -iy m -2---yo (3.0.13) 
7^ L Px m - 1 x m - 2 ---xj+iyjx j - 1 ---x rrl - 1 + i Py m -\y m -2—yj+-LXjyj-i---yo-i 

then the state 7C2 m x2 m (|V') ® W) x ■ ■ ■ ® W))> with \ip) = |0) + |1) is entangled. 



The proof of this theorem also follows from the decomposable tensor in terms of 
the Segre variety. As an example, we will construct such quantum gate entangler 
for a three-qubit state. In this case, K m (x,y) is given by 
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(3.0.14) 
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where Lq, L\ , £|, and L\ are constructed by universal controlled gates as follows 
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(3.0.18) 

where 02 X 2 and 04 X 4 are 2-by-2 and 4-by-4 zero matrices and ^2x2 and i4 X 4 
are 2-by-2 and 4-by-4 identity matrices. Following this construction of quantum 
gate entangler for three-qubit states based on universal controlled gates we can 
also write 

/C2™x2 m = L™L™ ■ ■ ■ L'^ m -i_ 1 , (3.0.19) 

where L™, for 1 < i < 2 m_1 — 1 can be express in terms of universal controlled 
gates, e.g., 
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(3.0.20) 

where 2 m-i X 2m-i and i 2 ™- 1 x2 m - 1 are 2 m_1 -by-2 m_1 zero and identity matri- 
ces, respectively. Thus we have following corollary. 

Corollary 3.0.3 If elements of universal controlled gates L™TJy ■ ■ ■ L?£ n _ 1 _ 1 
satisfy 



z+ g*?»m-i !t m-a - - l j+i»j I 3-r ,,lt i»-i e ll fv m -iv m -2- •■Bj+i^jKj-i ■ "»0 

then the state L™L™ ■ ■ ■ £J£i_i_ 1 (|i/>) ® \ip) x ■ • • ® \if)}) is entangled. 



In this paper we have investigated the construction of quantum gate entangler 
based on selective phase rotation transform. We have shown that this quantum 
gate entangler can be constructed by universal controlled gates for multi-qubit 
states, we also have establish a relation between geometrical structures of multi- 
qubit states and such a quantum gate entangler. These results give new way of 
constructing topological and geometrical quantum gates entangler for multipar- 
tite quantum systems. 
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